CONFORMALLY INVARIANT COTTON AND BACH 
TENSOR IN DIMENSIONS 



MARIO LISTING 

Abstract. This paper presents conformal invariants for Riemannian 
manifolds of dimension greater than or equal to four whose vanishing 
is necessary for a Riemannian manifold to be conformally related to 
an Einstein space. One of the invariants is a modification of the Cot- 
ton tensor, the other is a n-dimensional version of the Bach tensor. In 
general both tensors are smooth only on an open and dense subset of 
M, but this subset is invariant under conformal transformations. More- 
over, we generalize the main result of "Conformal Einstein Spaces in 
iV-Dimensions" published in Ann. Global Anal. Geom. 20(2) (2001). 



1. Introduction 

Let {M'^,g) be a Riemannian manifold and A be a tensor determined by 
g. A is said to be conformally invariant if for any local conformal transfor- 
mation g = ip~'^g., the corresponding tensors are related by ^ = ijP'^A with 
k aTL. is called the weight oi A. In (2 Fefferman and Graham considered 
scalar conformal invariants. They claimed that in the odd-dimensional case, 
each scalar conformal invariant is a linear combination of conformal Weyl 
invariants. Non-trivial conformal invariants of higher degree are the Cotton 
tensor in dimension n = 3, the Bach tensor in dimension n = 4: and the 
Weyl tensor in dimension n > 4. 

The aim of the present paper is to find conformal invariants being nec- 
essary respectively sufficient for Riemannian manifolds to be locally confor- 
mally related to Einstein spaces. Because of the interest in physics, this 
problem is often studied in four dimensional Lorentz geometry (cf. |1U1 
IHl 1131 1151 The difficulty in the non-Riemannian case are the confor- 
mal transformations when the conformal factor has light -like gradient. In 
jl2j , we found necessary and sufficient conditions for a n-dimensional semi- 
Riemannian manifold with detW 7^ to be conformally related to an Ein- 
stein space, where W is the Weyl tensor considered as endomorphism on 
A^(T*Af). Moreover, we solved the problem (even if detW = 0) in the four 
dimensional Riemannian case. In this paper, we extend the last result to 
n-dimensions and prove that the involved tensors are conformal invariants. 



2000 Mathematics Subject Classification. Primary 53A30, Secondary 53A55. 
Key words and phrases, conformal invariants, Weyl tensor, Einstein space. 
Supported by the German Research Foundation. 

1 



2 



MARIO LISTING 



If (M, g) is a Riemannian manifold of dimension n > 4 and W the Weyl 
tensor, the set 

£:={veTM \ W{v,.,.,.) = 0} 
is conformally invariant and a vector space in each fiber. Let be the 
set of all points in M at which the rank of £ is locally constant, then 
is open and dense in M. In section 3 we define the (smooth) vector field 
T: Ms ^ TMs by 

where tD"^ : T*M£ — > T*Ms is the Moore-Penrose inverse of the negative 
Ricci contraction of and ei, . . . , e„, is an orthonormal base of TpM. The 
(0, 3) tensor 

Ct := d^ f Ric - ^j^-^T^) - W{., ., ., T) 

n — 2 \ 2[n — I) J 

is a well defined conformally invariant of zero weight on {M^ , g) . Obviously, 
Cj is the Cotton tensor if T = or n = 3. If (M, g) is locally confor- 
mally related to a space with harmonic Weyl tensor (e.g. if g is conformally 
Einstein), Cj vanishes. 

Theorem. Suppose {M,g) is a simply connected Riemannian manifold of 
dimension n > 4 and with rank(£^) = on M^. Then g is (globally) confor- 
mally related to an Einstein space if and only if T is extendible to a vector 
field on M and 

Ef := Ric --g + (n-2) f VT* + T* T* - - (div(T) + ITP) g] 
n \ n J 

vanishes. 

This is a major extension of the previous result in since a non- 
degenerate two form in the image of Wp implies rank(5p) = 0, in particular 
if n is even, ImCW) could be two dimensional and rank(£') = 0. If rank(£') is 
non-zero in some component of Mg, Ej = is still sufficient for a conformal 
Einstein space, but it is no longer necessary. 

In the last section we show that the symmetric (0, 2) tensor 

ji "-J f) — A 

Bj := 6164W + W(Ric) W(sym(Ej)) 

n — 2 n — 2 

-(n - 3)(n - 4) [W(r ^ T*) + sym(CT(T, ., .))] 

is a conformal invariant of weight one on M^, in this case sym(6) is defined 
by sym(6)(x,y) := b{x,y) + b{y,x). Obviously is the well known Bach 
tensor if n = 4. Since Bj and Cj vanish for Einstein spaces, Bj = as 
well as Ct = are necessary conditions for a conformal Einstein space. 
Nevertheless, the class of Riemannian manifolds with Bj = and Cj = is 
larger than the class of conformal Einstein spaces (cf . |in| I13[ I14j ) . 
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2. Preliminaries 

Let (M^,g) be a Riemannian manifold, then V denotes the Levi-Civita 
connection as weh as R the Riemannian curvature tensor of g: 

R{X, Y, Z, T) = g{Rx,YZ, T) = giVx^yZ - VyVxZ - V[x,y]^, T) . 

The Ricci tensor Ric is given by Ric(X, Y) = tracejy i-^' Rv,xY} and the 
scalar curvature hj S = trace (Ric) . Using the Kulkarni-Nomizu product: 

{g h){X, Y, Z, T) := g{X, T)h{Y, Z) + g{Y, Z)h{X, T) 

-giX, Z)h{Y, T) - g{Y, T)h{X, Z) 

we obtain the Weyl tensor W and the Schouten tensor t : 

(1) W:=R-gQt , t ~ J— U^c - —^—Sg 

n — 2 \ 2[n — 1) 

Two Riemannian manifolds (M, g) and {N, h) are said to be conformally 
equivalent if there are a diffeomorphism f : M ^ N and a smooth function 
ijj : M ^ (0, oo) satisfying f*h = t/j^'^g. Since this diffeomorphism / is an 
isometry from {M,g := 'ip~'^g) to (A^, h), we consider conformal transforma- 
tions of the type: {M,g) {M,'g := il)~'^g). The corresponding symbols 
for {M,g) win be denoted by V,7?,W, ... If {M,g) {M,g := tp-'^g) is a 
conformal transformation with tp = e'^ and : M — > R smooth, then the 
Levi-Civita connections and the Weyl tensors are related by: 

(2) VxY = VxY - d(l){X)Y - d(l)(Y)X + {X, Y) , 

(3) W = ^-'^W. 

In this case is the vector field dual to d(/>, i.e. {S/^(j))* = d(/> while 
* : TM T*M is the isomorphism given by Y*{X) = g{X,Y). 

Suppose (V, h) is a Riemannian vector bundle over M. If ^ : V ^ V is 
a symmetric bundle endomorphism w.r.t. the inner product h, then at each 
point p £ M there is an endomorphism Ap € End(Vp) satisfying (Moore- 
Penrose inverse, cf. |HI) 

j4p o o Ap = Ap , A^ o Ap o A^ = , 

Ap o A* and A"^ o Ap are symmetric w.r.t. h. 

Let Ma consist of all points p G M at which the number of distinct eigen- 
values of A is locally constant. In particular. Ma is open and dense in M. 
li A£ r(End(V)) is of order C^, the map 

^# :MA^End(V|Mj,P^^* 

is of order , i.e. A"^ E r(End(V|jv/^)). is called the Moore-Penrose 
inverse of A. In every point p € M, V admits an orthogonal decomposition 
into eigenspaces of A: Vp = Vl®---®V^. Since in the connected components 
of Mai the number of distinct eigenvalues is constant, p i— > Vp is differen- 
tiable, and thus V-' — > ?7 is a subbundle of V — > C/ as long as [/ C M is 
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contained in a connected component of Ma- The existence and the unique- 
ness of the Moore-Penrose inverse follows from linear algebra, while the 
differentiability of goes as follows. Let C/ be a connected component of 
Ma, then Im(j4) — >■ [/ as well as Ker(j4) — > U are subbundles of V — > C/. In 
particular A\u supplies an orthogonal decomposition V = lm{A) © Ker(74). 
Now A restricted to Im(^) is invertible, i.e. set A"^ := A~^ on Im(A) as 
well as = on Ker{A). Since Im(A) and Ker(A) are subbundles of V\u 
as well as the assignment A i— > A~^ is smooth, A* is on Ma of order 
as long as A is of order C'^ and moreover, A* satisfies the identities in (0]). 
Furthermore, if det A nowhere vanishes on M, A"^ equals A^^ and is defined 
on all of M. 

Definition 1. Tg(M) may denote the set of (r, s) tensor fields on a Rie- 
mannian manifold {M,g). Let A G 'X^{M) be an algebraic curvature tensor. 
A becomes an endomorphism of 'X2{M) in the following way: 

A : T^(M) T^(M) , X* (g)Y* ^ A{X* O Y*) 

where A{X* ® Y*){Z, T) := A{Y, Z, T, X). If h G T^(M) is (skew) symmet- 
ric, A{b) is (skew) symmetric. In particular A is an endomorphism on two 
forms: 

A : A^{T*M) A^{T*M). 

Since the first Bianchi identity implies 

g{A{X* AY*),Z* AT*) = A{X* AY*){Z,T) = A{X,Y,Z,T), 

A is symmetric on A^(T*M) w.r.t. the extension of g. In this case X* A Y* 
is the two form given by X* 0Y* -Y* ® X*. 

Let W be the Weyl tensor on {M^,g) and define 

£ := [j £p, while £p:= {v (£TpM\W{v,.,.,.) =0}. 

£p are vector spaces, but in general £ is not a vector bundle of M. If £-^ 
is the orthogonal complement of £ in TM, the decomposition A^(TM) = 
KerCW) © Im(W) as well as 

5o{TpM) = 5o{£^) © 5o{£p) ®£p®£p 

imply: 

(5) dimKer(Wp) > dimfp {n - ^^-^P + l ^ . 

Contrary a lower bound of dim£p in terms of dimKerCWp) is not possible in 
general, since if M is even-dimensional and there is a non-degenerate two 
form r/ in the image of Wp, ult/ ^ for all v G TpM — {0} implies dim £p = 0. 

Denote by ro : r*M ^ r*M the negative Ricci contraction of = 
W o W, i.e. lt)(0)(X) is the trace of the mapping 

T*M T*M, T] ^ Xi_W'^{9 A r/) . 
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If /i, ...,/„ is a base of TpM and rji, . . . ,r]n the corresponding cobase of 
T*M {rij{fi) = Sij), we have 

n 

1=1 

Using an orthonormal base w.r.t. g, we conclude that tr is symmetric w.r.t. g 
and in particular, > supplies tt) > 0. Since to is symmetric, there is an 
open and dense subset of M on which the Moore-Penrose inverse of tv 
exists. Moreover, * : TM — *■ T*M,v g{v, .) gives an isomorphism 



(6) £p ^ Ker(tt)p). 

The fact *{£p) Q Ker(tT3p) is obvious from the definitions. In order to see 
equality, let v G TpM be a vector with tv{v*) = 0. We have to show 
W{v* A 61) = or equivalently W^iv* A 6) = for all 6 € T*M. Suppose 
r]i, . . . ,r]m G A^(TpM) is an orthonormal base of eigenvectors to the non- 
negative eigenvalues Ai, . . . , Am of W^, then considered as (0, 4) tensor is 
given by Y2j ^^j^j^Vj- Thus, considering the two forms rij as skew symmetric 
maps TpM T*M leads to tVp = —YlJLi^jiVj)'^- Since each of these 
summands is non-negative definite, tv{v*) = implies = for all 

j with Xj 7^ 0. But this gives the claim W^{v* A6) = 0. Therefore, equation 
Q and the above arguments supply that £ — > is smooth, in particular, 
if [/ is a connected component of M^,, S^u is a subbundle of TM\jj. In the 
introduction we defined Ms to be set of all points p (z M at which the 
rank of £ is locally constant, in particular M^o C M^. Considering the map 
It)* ID as endomorphism on TM^ (using the * isomorphism), 1 — id it) is the 
projection TM^ — > £, i.e. 1 — lt)*tt) can be differentiable extended to M^. 
Using © and the fact tt)* = (tt)|ijn(„))~^, tt)* is differentiable on Mg. Thus, 
we can assume = M^. 

Since the Weyl tensor is conformally invariant, it should be mentioned 
that £, Ker(W) as well as M^ are invariant under conformal transformation. 

Remark 1. Let {M,g) be a four dimensional Riemannian manifold. Suppose 
U is a connected component of M^, then either {U,g) is conformally flat 
(i.e. Wp = for all p E C/) or the rank of the bundle £ ^ U is zero. In order 
to see this suppose ^ v G £ and \v\ = 1. Let v, ei, 62, 63 be an orthonormal 
base of TpM, then v* Ae* and ★(?;* Ae*), j = 1, 2, 3, give a base of A'^{T*M). 
Since W commutes with the Hodge star operator ★, we obtain W(r]) = for 
any two form rj. But this implies W = 0. Moreover, the Ricci contraction 
of W2 satisfies (cf. [2, 16.75] resp. [3]) 

tt) = itr(W2)Id. 
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3. Spaces of harmonic Weyl tensor 

Let {M, g) be a Riemannian manifold and A be a (0, s + 1) tensor, then 
define for r < s + 1 the (0, s) tensor field 

n 

6rA{Xi, . . . ,Xs) ■■= ^(VejA)(Xi, . . . ,Xr-l,ej,Xr, . ■ ■ Xg) 

i=i 

(ei, . . . , e„ is an orthonormal frame). 6rA is called the divergence of A and 
if A is symmetric, 6rA does not depend on r. If A is a curvature operator, 
introduce as abbreviation 5A := 64A. Moreover, we define the exterior 
derivative of a symmetric (0, 2) tensor b by 

<fb{X,Y,Z) := {Vxb){Y,Z) - {Vzb){X,Z). 

The differential Bianchi identity supplies (cf. |2| Ch. 16.3]) 

(7) 5R = d^Ric, 5W = {n - 3)d^t 

where t is the Schouten tensor given in (^. A Riemannian manifold (M*^, g) 
of dimension n > 4 is called C-space or space with harmonic Weyl tensor 
a 5W = (cf. H (16.D)]). Let g = with ^ = e<^ be a conformal 

transformation, we obtain the following relation: 

(8) 6W = 6W -{n-3)W{.,.,.,V^). 

In order to see this, use equations (j3)) and (|2j or cf. [21 16.25]. In particular 
a Riemannian manifold {M'^,g), n > 4, is conformally related to a space 
with harmonic Weyl tensor if and only if there is a function <j) with 

(9) 6Wz = {n-3)W{Z* Adcp), 
in this case 5Wz is the two form given by 

6Wz{X, Y) := 6W{X, Y, Z). 

A necessary condition for a solution of Q is 5Wz £ ImCW) or equivalent 
W'W*((5W^z) = 6Wz, but we compute d(j) explicitly, i.e. this condition will 
be superfluous. Let tr be the negative Ricci contraction of and tr* be 
the Moore-Penrose inverse of tv which is well defined and smooth on M^. 
Apply W to equation Q to obtain 

W{6Wz) = {n- 3)W^{Z* A dcf)). 

Moreover, suppose ei, . . . , is a g'-orthonormal base of TpM, then e^, . . . , e* 
is the cobase in T*M and we get 

n n 

eiL.W{6We,) = (n - 3) ^ ea^W^ie* A d<p) = (n - 3)tt)(d(/>). 

i=l i=l 
Thus, on the components of where rank(£') = 0, we obtain 

d0= ^-tr# ( y]eii.W{6WeJ 
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Definition 2. Let {M'^,g) be a smooth Riemannian manifold of dimension 
n > 4 and ei, . . . , en be a ^-orthonormal base, then the vector field T given 

by 

(10) .) := e^LW(5T^eJ j 

as well as the (0, 3) tensor 

CT:=d^«-T^(.,.,.,T) 
are smooth on the open and dense subset C M. 

Remark 2. Let (M, g) be a Riemannian manifold of dimension 4, then = 
Mo U Ml, where Mq is the interior of {p € M| W(p) = 0} and as well as Mi 
is the open set {p G M| P^(p) / 0}. In particular T vanishes on Mq and 
equals 

4 



2 

tr' 



^5]W(<5l^eJ(e.,e,)e, 

2 1.7 — 1 



^,3 

on Ml. 

In the definition of Ct we used (Ft instead of 6W in order to get the 
Cotton tensor in dimension n = 3, but for the computations we consider 

n — 3 

Proposition 1. Suppose g — ip^'^g is a conformal transformation with ip = 
e'^, then Cj = Ct holds on M^. 

Proof. W = tp~'^W supplies W = ip'^W, i.e. we obtain To = i/j^to as well as 
fD# = ■ip~^tx)'^. If ei, . . . , e„ is an orthonormal base w.r.t. g, ej := tpCj gives 
an orthonormal base w.r.t. 'g, i.e. 

= T* -to*to{d(f>). 
Thus, the vector fields are related by 

(11) f = V''T-v'(vV)5x, 

where (V^0)£x is the projection of to the orthogonal complement of £ 
in TM. Since W{., (Vi?!))^) = 0, we conclude the conformal invariance of 



8 



MARIO LISTING 



the tensor Ct if n > 3 [use (0 and 0]: 

= -^5W -W{.,.,.,V^)-W{.,.,.,T-{W^),^) = Ct. 

in o 

If n = 3, Cf is the Cotton tensor whose conformal invariance is already 
known in this dimension. □ 

Since is trivial on a space with harmonic Weyl tensor, the vanishing of 
Ct is a necessary condition for a Riemannian manifold to be locally confor- 
mally related to a C-space. However, Ct = is a sufficient condition if and 
only if there is a section V m. £ u\ such a way that T + 1/ is a (differentiable) 
gradient field on M. 

Proposition 2. Let {M^,g) be a simply connected Riemannian manifold of 
dimension n > 4 such that rank(£') = on . Then {M,g) is (globally) 
conformally related to a space with harmonic Weyl tensor if and only if 
dT* = and Ct = on as well as T can be (differentiable) extended 
to M. Moreover, i/detW does not vanish on M^, the condition dT* = 
follows from Cj = 0. 

Proof. The claims are obvious from the uniqueness of the conformal factor 
(up to scaling) as well as the definition of T and Ct- Since M is simply 
connected and T* is exact, there is a function : M ^ R with V^cf) = T. 
Set tp := e*^, then is a space with harmonic Weyl tensor. In order to 

see the last claim consider the divergence of Ct w.r.t. the third argument. 
A straightforward calculation shows (cf. jl2j ) 

<53(CT) = CT(.,.,T)-W(dr), 

i.e. we conclude dT* = from the injectivity of W and Ct = 0. □ 

4. Conformal Einstein Spaces 

A Riemannian manifold (M, g) of dimension n > 3 is called Einstein 
space if the traceless Ricci tensor Ric° := Ric — —g vanishes. In this case, 
S is constant. (M, g) is said to be a conformal Einstein space if g is locally 
conformally related to an Einstein space. Conformal Einstein spaces have 
already been considered in the 1920's by Brinkmann (cf. (Sj). 

Let (M, g) — > {M,g := ip~'^g) with -0 = e''^ be a conformal transformation. 
The Ricci tensor has the following transformation behavior (cf. jlll Lemma 
A.l] or 2 ): 

(12) RkJ = Ric + (n - 2) [V^^ + d0 d0] + [A(/. - (n - 2) (V^^^, V^^)] g , 

where V^;/) is the Hessian of (i.e. V'^(j){X,Y) = {Vx^^.Y)) and Ac/) 
is the trace of V^c/). If (M, 5) is an Einstein space, we conclude taking the 



|2 



9- 



CONFORMALLY INVARIANT COTTON AND BACH TENSOR IN TV-DIMENSIONS 9 

trace of tlie last equation for the Ricci tensor of (M, g) : 

(13) O = Ric° + (n-2)[v2(/. + d(/>®d0] A(j)+\vm' 

n L 

Definition 3. Let y be a vector field, then the traceless (0, 2) tensor field 
Ey given by 

Ev := Ric° + (n - 2) (vV* + V*(g)V* [div{V) + g{V, V)] g 
is called conformal Ricci tensor w.r.t. V. 

The tensor field Ey is symmetric if and only if \7V* is symmetric, i.e. if 
and only if V* is closed. Thus a Riemannian manifold (M, g) is locally 
conformally related to an Einstein space if and only if there is a vector field 
V with Ey = 0. If additionally M is simply connected and Ey vanishes, 
there is a function ip = e"^ which gives the Einstein space (M, 'ip~'^g). In this 
case V equals V^^. The differential Bianchi identity tells that an Einstein 
space has a harmonic Weyl tensor [cf. equation ((Tj)]. Thus, the first candidate 
of a vector field such that Ey = holds, is the vector field T given in (|1U|) . 

Lemma 1. Let g = ip~'^g, 4^ = e'^ , be a conformal transformation and T as 
well as T be the corresponding vector fields for If and g defined in MU\) . If 
is contained in C TM in every point of Mg, the conformal Ricci 
tensors satisfy: 



Ef — Ef- 
Proof. Introduce the (0, 2) tensor 

Fy := VV* + V*®V* -'^ [div(y) + g{V, V)] g. 
One easily verifies for two vector fields V and Z: 

Fy+z = Fy + Fz + V* ^ Z* + Z* (^V* - -g(y, Z)g. 

n 

Moreover, using ^ a straightforward calculation yields 

F^2y = Fy + d<t)(^V* + V* (^d<t)- -g{V3(f>, V)g. 

Since 'tp~'^ is the conformal factor, equation (jllj) yields T = ^^(T — y), where 
V^(/> = X + Y is the orthogonal decomposition in (£'©£'-'-), i.e. X : Mg —>■ £ 
and Y : Mg £^ are sections and £^ is the (/-orthogonal complement of 
£ in TM. Thus, we obtain 

F^ = Fj^Y + d^(^{T* -Y*) + iT* -Y*)®d(P--g{VS^,T -Y)g 

n 

= Ft + F„y + X* ®T + T ® X* - 2Y* (S)Y* + -g(Y, Y)g 

n 

-X* y* - y* ® X - -g(X, T - Y)g 

n 

= Fj - Fy + X* (g) (T* - y*) + (T* - Y*) (g) X* - -g{X, T - Y)g. 

n 
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Use equation (fT^ to show that the traceless Ricci tensors are related by 
(n — 2)Fv0, i.e. the definition of Ey gives: 



= Ric° + (n - 2)F^ 



Ric° + (n - 2) 



Fx+Y + Fr-FY+ 



(14) 2 

+ X* (g){T* -Y*) + (T* -Y*) (S)X* - -g(X,T -Y) 

n 

= Ej + {n-2) \Fx + X* (^T* +T* ®X* - -g{X,T)g 
I n J 

But we assumed V^<^ S i.e. X = supphes the claim. □ 

Remark 3. Thus, we have proved that Ej is a conformal invariant on Ms 
for all Riemannian manifolds {M,g) with rank(£') = on M^. In particular, 
if (M, is a Riemannian four manifold, Ej is conformally invariant on the 
open subset 

{peM \ W{p) / 0} C M. 

Theorem 1. Let {M,g) be a simply connected Riemannian manifold of 
dimension n > 4 such that rank(i?) = on M^. Then {M,g) is conformally 
related to an Einstein space if and only if Ej vanishes on Mg and T is 
extendible to a vector field on M. 

Proof. Since Ef is a conformal invariant on manifolds with rank(£') = and 
T vanishes on Einstein spaces, Ef = is a necessary condition. Conversely, 
Ef = implies that T* is closed, i.e. there is a function (/> : M — > R 
with T = Vcf). Then the above computations show that e~'^'^g is an Einstein 
metric on M with Ricci tensor, and therefore analytic Ricci tensor in 
suitable coordinates (cf. 0). □ 

Remark 4. If (M, g) is a connected Einstein space, the Weyl tensor is real 
analytic in suitable coordinates, i.e. W vanishes on an open subset of M if 
and only if g is of constant sectional curvature. Therefore, a Riemannian 
4-manifold which is conformally related to an Einstein space is conformally 
flat or rank(iS) = on M^. Apply the above theorem which was already 
mentioned in case dimM = 4 in [T2], then a Riemannian manifold {M'^,g) 
is (locally) conformally related to an Einstein space if and only if g is con- 
formally flat or T is extendible to a vector field on M and Ef vanishes. 

5. Generalized Bach tensor 

In four dimensions there is another conformal invariant called Bach tensor 
(cf. PP). The Bach tensor is defined by 

B := 6164W +^W{mc). 

If (M, g) is locally conformally related to an Einstein space, B has to vanish, 
but there are Riemannian manifolds with B = which are not conformally 
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related to Einstein spaces (cf. p^). If M is a compact 4-manifold, the Bach 
tensor is the gradient of the functional 

g ^ I ll^pvol,, 

M 

in particular, B vanishes for critical metrics of this functional. 

Let g = ilj~'^g with if; = e'^ he a conformal transformation on M". Since 
Cv satisfies the first Bianchi identity and Cv{ei, ■, &{) = 0, we obtain 

6i6iW{x,y) ={n - 3)6iC^^{x,y) 

=(n - 3)V'^ [5iC^4x, y)-{n- 4)Cv0(V0, x, y)+ 

+ C^^{Vcl),y,x)]. 

Moreover, 6iW{X,Y,Z) = 5iW{Z,Y,X) implies 

(n - 2,)5iC^^{x, y) =5i5iW{x, y) - {n - 3)5iW{x, y, V</>) 

-(n-3)W(VV)(x,y) 
=5i5iW{x, y)-{n- 2,fC^^{V(t), y, x) 

- (n - 3)2W(d0 d(t)){x, y)-{n- 3)W(V2(/))(x, y), 

i.e. if sym(6)(a;, y) := b{x, y) + b{y, x) denotes the symmetrization of a (0, 2) 
tensor, this leads to 

tl;-^6i64W = 6164W - (n - 3)W{V^(P + d(P d(p) 

(15) 

- (n - 4)(n - 3) [sym(Cv4V0, ., .)) + W(d0 ® d0)] . 

Definition 4. Let (M, g) be a smooth Riemannian manifold of dimension 
n > 4 and T be the vector field given in (jlUj) . Then the trace-free, symmetric 
(0, 2) tensor 

71 — 3 7? — 4 

Bj := 5i5iW + W(Ric) W(sym(£^T)) 

n — 2 n — 2 

- (n - 3)(n - 4) [W(T* T*) + sym(CTr(T, .,.))] 

is well defined and smooth on and will be called generalized Bach tensor. 

Proposition 3. The generalized Bach tensor is a conformal invariant on 
of weight 1, i.e. if g = tp~'^g is a conformal transformation, we have 
B^ = iP^Bt. 

Proof. The Weyl tensor considered as endomorphism on T2 transforms like 
W = V^W. Remember that = Cj as well as T = V^(T - V^£±) 
hold, where £ © f is the orthogonal decomposition w.r.t. g. Since the 
Ricci contraction of W vanishes, we have W(Xg) = for any function A, 
i.e. taking W{\/S4>£, .,-,.)= as weU as equations (dHJ, (O and ((Til) into 
consideration leads to 

^p-'^BJ = Bj-{n- 4)sym{6W{V^, ., .)) + (n - 4)sym{6W{V'^ ^£±, ., .)) 

- (n - 4)W(sym(V(d(/>£) + dc^e d</.^)). 
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W{'V^(p£, ., ., .) =0 supplies for an orthonormal base of TpM 
6W{\/^e, •,•) = - E W{\7e,V^£, ., .,ei), 

i 

and since W commutes with sym, we obtain 

(16) syui{5W{V34>e, •)) = -W(sym(V(d</.£))). 

But this imphes the claim: Bj := ip'^Bj. □ 

Lemma 2. Suppose Cj vanishes, then 

Bj := 5i54W + W(Ric) - (n - 3)(n - A)W(T, ., ., T) 

n — 2 

and 'W{sym{Ej)) are conformally invariant of weight 1. 

Proof. In order to see the claim, we use equation ()14() and the fact that in 
this equation S/(j)£ = X £ £: 

W(sym(E^))= V'W(sym(ST) + (n - 2)sym(V(d,/.^))) . 

We apply equation (fT^ to conclude 

W(sym(V(d0^))) = - sym{5W{V3cl)e, ., .)) 

= -(n-3)sym(CT(V50f,.,.)) = O. 

The conformal invariance of Bj is then obvious from the definition of Bj 
and Ct = 0. □ 

If (Af, g) is an Einstein space, the conformal invariants Cj and Bj vanish. 
Thus, Cj and Bj are trivial for any Riemannian manifold which is locally 
conformally related to an Einstein space. Moreover, the last lemma tells 
that Bj and W(sym(£'x)) have to vanish for a conformal Einstein space. 
However, Cj = 0, 'W(sym(i?T)) = and Bj = does not seem to be 
sufficient for (M, g) to be locally conformally related to an Einstein space 

(cf. [113 1131 HI). 
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